ASCHAM SCHOOL

Mathematics
Extension 2

General Instructions

Reading time - 5 minutes.

Working time - 3 hours.

Write using blue or black pen.
Board-approved calculators may be used.
A table of standard integrals is provided.
All necessary working should be shown in
every question.

Student Number

2014
YEAR 12

TRIAL

EXAMINATION

Total marks - 100

e Attempt Sections A and B.

e Section A is worth 10 marks.

e Answer Section A on the multiple choice
answer sheet.

e Detach the multiple choice answer
sheet from the back of the examination
paper.

e Section B contains 6 questions worth 15
marks each.

e Answer each question in a new booklet.

e Label all sections clearly with your
name/number and teacher.



SECTION A - 10 MULTIPLE CHOICE QUESTIONS 10 MARKS
ANSWER ON THE ANSWER SHEET

1 The complex number z is sketched below.

1+

Which of the following sketches could describe 1 ?
z

Sy

e

e
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If z is complex, a solutionto z° =—1 is:

. T
Z=CIS—
5

. 21
Z=CIS—
5

. 8r
Z=CIS—
5

. =27

Z=CIS——

If a particle of mass m is projected downwards under gravity and undergoes a
resistive force of magnitude kv® then the acceleration is given by :
X=g-—kv?

X=—g—kv*
sz
X=0g——
m
kVS
X=—-g——
m

The volume of a kookaburra’s beak is modelled by taking cross sections which are
rhombuses, the longer diagonal of which is the length parallel to the y-axis between
the lines shown. The smaller diagonal is half the length of the longer diagonal.

The volume would be given by:

10 100 — 20X + x?
h — = —
J-lo 100—20x + x°
0 10

dx

dx
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Let f (x) = x>+ X be an increasing function. Let h(x) be the inverse function of

f (x). The point (1,2) lieson y = f (x). The value of h'(2)=

I

2 2

X y

=1, where A is a constant. If it is always an
A-9 A-4

Consider the conic

ellipse then:

A<4
4<1<9
A>9
A<4or A>9.

The graph of [x—1|=|y -1 could be:
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The solution to the inequality 1 +1i >0 is:
X 1-X

x<0

X>1

O<x<l1
x<0 or x>1.

A possible factor of 15x’ +10x° —2x°® +14 would be:

2X—7
3x—7
5x+3
3x-5.

1
The value of lime ¥ =

00
1
-1
0.



SECTION 2 - 6 QUESTIONS EACH WORTH 15 MARKS

Question 11 — Begin a new writing booklet

a Find _[ cot x cosec’xdx.
b 1
Evaluate I e X x
0 1_ X4
c o - _ e’ dx
Use the substitution u = «/e +1 to find I .
e’ +1
d
Q) Find constants A and B such that CO_S): = AC(?SX + BC(?SX .
1-sin“x 1+sinx 1-sinX
(i) Hence or otherwise find Isec X dx.
€ do

Use the t — results to find J‘Og 1 r
+CO0S



Question 12 — Begin a new writing booklet

a

Find a square root of 15+8i .

Let  =1-i and /5':\/§+i.

Find af in Cartesian form.

Express = J3+iin mod-arg form.

If = \/E(cos(— %) +isin (— %D find o in mod-arg form.

Hence find the exact value of COS(— %)

Sketch the locus of z if arg(z+2)=arg(z—2i).

Consider the quadrilateral ABCD representing the complex numbers a,f,y and 9,
respectively.

Given that ,B:%ia , a=-y, |B|=|] and arg(?j —r,
Q) sketch the information on an Argand diagram,

(i) determine which type of quadrilateral is ABCD, giving reasons.

Sketch y =e™ +1.

2Xx

+1
.

e
Hence sketch y =



Question 13 — Begin a new writing booklet
a Given that ALCK is a cyclic quadrilateral and H is a point on AK such that

AH = AL. LH produced meets the circle again at B and meets AC at E. BC meets
AK at D.

A

i Provethat Z/AHL = ZACB.
ii  Hence state why that HECD is a cyclic quadrilateral.

iii  Given arc KC = arc CL, prove that HC is a diameter of HECD.

Show (eX +e* )2 —4 =e"—e™™ (Assume x >0.)

Consider the rectangular hyperbola x* — y? =1 and the line segment OP.

e'+e* e —e™
ii  Show that the point P ( > j lies on the hyperbola.

iii  Using integration by parts (and then the table of standard integrals), show that

J_ X /Xzz _1_In(x+x2/x2 —1)+C

Show that the area bounded by the hyperbola, OP and the x-axis is g units.




Question 14 — Begin a new writing booklet

a

2 2

X
The ellipse E+y? =1 is rotated about the line x=5.

AN
e Y
X1 0 -y4 5 X
A 4
Q) Show that the area of one annular type slice taken perpendicular to the

axis of rotation is given by A~ 80% 9—y?.

(i) Hence, by summing slices or otherwise, show that the volume of the
resulting solid is 1207° cubic units.

A particle of mass M is projected vertically upwards from O with initial speed | m/s.
The particle is subjected to a constant gravitational force g m/s*> downwards and a
resistance of Mkv?, k >0, where v is the speed at time t. Let x m be the displacement
above O at time t seconds.

2
Show that the greatest height reached, H metres is given by H = 2_1k In [ g+k j .
g

The particle then begins to fall. Write down an equation for the acceleration X on
its downward journey and find the maximum speed the particle reaches on the
downward journey, giving reasons.

The particle returns to its point of projection with speed V m/s. Derive the equation
for the distance travelled downwards and hence show that

(g+kI*)(g—kv?)=g.
We know that A* >0,B? >0,(A+ B)2 >0 for A ,B=0. Provefor X,y #0:
Ax* +6xy+4y* >0,

3x% +5xy +3y* > 0.

N



Question 15 — Begin a new writing booklet
a . Xy
Consider the ellipse — + b_z

a

and Q(X,,Y,).

=1. Tangents to the ellipse are drawn at P (xi, yl)

i Derive the equation of the tangent at P and state a similar result for the tangent at Q.

il State the equation of the chord of contact from an external point T (XO, yo) .

The tangents meet at the point T (E,Oj .
e

iii  Prove that the chord PQ passes through the focus S.

b It is given that cos56 =16cos® & —20cos® 6 +5¢0s 6.

I Hence solve the equation 16x° —20x° +5x—1=0.

" Show that cosz—” + cos4—7z __ 1 and cos? 2—”cos2 4z _ i.
5 5 2 5 5 16
iii _ 1_
Hence deduce that the exact values are cos%[ = lzﬁ and cos%z = 1 4J§ )

Question 15 continues on the next page.

2

10



Question 15 continued

! ( 3)
SIN| N+— | X

2
X=————2~

sin(n +;j X
Prove the identity —— cos(n+1) <
2sin— 2sin—
2 2

[Hint: cos(n+1)x = cos([n+%)x+%xj]

. .. . X
Hence prove by Mathematical Induction (if sin 5 #0)thatforn=1,2,3,...

(r)
Sinf Nn+— (X
L)

1
E+cosx+c052x+cos3x+...+cosnx= x
2sin—
2

11
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Question 16 — Begin a new writing booklet

a

Solve cosbx =sin9x. 2

The black-winged petrel from Lord Howe Island produces chicks of mass 30 grams.
The approximate growth pattern of the chick then follows the equation

M =4t +30+8sin %t where M is the mass of the chick in grams after t days,

0<t<70. After 70 days the parents stop feeding the chick and it must then fend
for itself.

Between which two lines does this function lie? 2
What is the approximate maximum mass the chick can reach in this range? Give 2
reasons.

Sketch the function and determine approximately how often the chicks get food. 2

Consider the function G, = I: e't"*dt,wheren=1,2,3, ...

State an expression for G, ;. 1
Use integration by parts to show that G,,, =nG, . 2
Show G, =1. 2
Show G,=(n-1)! foralln=1,2,3,... 2

The endl ©
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